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INTRODUCTION

THE idea of the forthcoming work stems from an article by K. Jacobsen:
Block Adjustment. There the drawbacks of the traditional odd polynomial for the
radial symmetric distortion are briefly depicted and a better model is provided,
though it is not explained because the object of the paper is a different one. The
parameters are however easy to interpret, and an analysis of them lead me to
prefer a somewhat different set. | first developed the model for my diploma thesis
back in 2005. Since that time the model has been subject to one important
rectification and some minor improvements, and above all the opportunity for
substantial testing and hence drawing conclusions arose two years ago, and here
are the results presented.

The principle upon which the model was to be developed was the
orthogonality among its components. The derivation of the orthogonal base was
not so straightforward as it first appeared to be. Some distortion components are
tightly bound to some orientation parameters. Once the different interdependen-
cies are understood a polynomial base for the symmetric components arises
naturally from its first, mandatory, components. The asymmetric components are
thence derived in a natural way too.

The actual square or rectangular shape of photographs has to be taken into
account for orthogonality —i.e. orthogonality is to be sought for a photograph-
shaped domain.

THE MATHEMATICAL SETTING

The geometry

The taking of an image is idealised as a central projection. Such a projection
is defined by the position in space, relative to the object being projected, of the
projection centre O and the projection plane z, which account for six parameters.
There is a distinguished point in the projection plane, viz. the point where the
perpendicular, let fall from the point O onto the plane z, meets the plane z. It is
called the principal point and will be denoted by the letter p.

If we further want plane coordinates to be assigned to the image points a
coordinate system has to be placed onto the plane, adding three parameters and
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making a total of nine. The equations relating object coordinates to image
coordinates are the well known collinearity equations.

I shall denote object points with capital Latin letters: A, B, C, etc., and image
points with lower case ones: a, b, ¢, etc. | shall similarly denote coordinates in the
object system by (X,Y,Z), thus (X,Y,Z)a Xa, €tc., and real image coordinates by
(x,y'). The image not being perfect, these coordinates do not correspond to any
central projection.

The easiest definition of the 6 + 3 projection parameters is as follows: For the
first six, the coordinates (X,Y,Z)o of the projection centre; the distance f from the
centre O to the projection plane z, where f stands for focal length, but it should be
better called projection distance; and two other parameters, £ and @, defining the
orientation of the plane with respect to the object coordinate system. There is no
easiest definition for these two parameters, and their geometrical meaning, if any,
may be varied to better fit actual needs (in particular, to avoid singularities).

For the last three parameters there can be taken an angle x defining the
orientation of the image axes, to be measured from an origin the definition of
which may be indirect, and the coordinates (x,,Yp) in the image system of the
principal point.

These parameters define the projection and hence, for any object point A, its
theoretic image coordinates (X,Y),, and for the entire space the whole theoretic
image, where this should be thought as the whole set of (X, y) coordinates. The real
image coordinates of the pointa will be some different ones (x,y"),, and the
difference of these with respect to (x,y)a is the value of the distortion at the
point a. In the like manner, the difference of the whole set (x,y’) with respect to
(x,y) is the distortion function. When I refer to the image, without any qualifier, I
shall mean the real image.

The previous description divides the parameters according to their geometric
nature:

Xo, Yo, Zo, Q, @, f %, Xp» Ypu

since from the geometric viewpoint the last three just don't exist. Here x does
mean a rotation on the X,y plane, while Q and & are just symbolic hames for two
parameters defining the orientation of the plane z. | write a lower case x to
emphasize that its effect is a movement on the photograph, like x, andyy, in
contrast with £ and @ that change the geometry of the image.

It is more common a classification according as to whether the parameters
vary from one photograph to another or on the contrary remain fixed. These two
sets are called exterior and interior parameters respectively:

XO! YOI ZO! ‘Qy ®l K! fl Xpl yp

When developing a distortion model both these partitions are of little interest.
The relevant division of the nine parameters together with the distortion function
is as follows:
Xo, Yo, Zo,

Q, D, Xy, Y, K, T, and the associated distortion components
The remaining distortion components.

This will be made apparent in the next sections.
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The orientation plus distortion decomposition: the non-uniqueness problem

When calibrating an image there exists a set of (X,Y,Z) object coordinates,
and there is also the set of corresponding (x',y’) image coordinates. It is required to
decompose the transformation from (X, Y, Z) to (X', y’) in the form DT, where T is a
central projection and D a distortion, that is,

Obj. I ) D Im.
(X.Y.Z) v (x',)")

The function D is very near unity, and it is therefore that its difference from
unity, which we shall call D, is more often used. This agrees with our previous
definition of the distortion function as the difference between the coordinates
(X,y") and (X, y).

It may seem from the definition of the distortion that any set of orientation
parameters is possible, for once they are fixed the theoretic image is defined, and
the distortion at any point would just be the difference between its real and
theoretic coordinates. We will see that this is not true, but nonetheless the only
restriction applies to the projection centre and it is indeed true that, in principle,
any collection of values for the other six parameters may be selected at will.

Let two points from the object be aligned with a projection centre O;. Their
theoretic image will be a single point, and it will be as well their real image. If we
now move the projection centre to a different position O,, the two points will not
in general be aligned with O,, and their theoretic images will not be a single point
any more, nor will their real images be. A set of points aligned with the projection
centre, i.e. a straight line passing through the projection centre, is a projective ray.
The set of projective rays is different for every projection centre, and so: Given an
image {(x,y)} there is only one possible projection centre O which, combined
with some other values for the six other parameters, whatever they be, and
composed with a distortion, whatever it be, can make the given image arise out
from the given object.

The previous assertion has to be polished. We do not have the image of the
whole space; we will in general not even have couples of points aligned with the
projection centre. But the fact that some two point do not have the same image
implies that the projection centre cannot lie on the straight line joining those two
points. Furthermore, alignment is just one particular example, and the relative
position on the photograph of the image of the measured object points will always
provide information about the position of the projection centre. These
considerations lead to the study of the correct placing of object points so that the
projection centre can be well defined by the measured pairs {(X,Y,Z), (x,y)}. But
this is not the aim of this paper and I shall not dwell on it.

The need of a perfect projection centre is not so much an idealisation as it
may seem at first. The precision in the definition of the projection centre is of
interest with respect to the object space, to the object size, while the actual
manufacturing uncertainty is in the order of magnitude of image precision, a few
microns.



The projection centre staying fixed, the effect of the variation of any other
parameter is a function form the points in the plane to the points in the plain; that
is, a distortion.

Fig. 1.  Images differing in parameters other than the projection centre

Fig. 1 pictures two distinct projections that differ in parameters other than the
projection centre coordinates. If the parameters of T, and those of T, are known, in
order to know the coordinates by the projection T, of a certain point it is not
necessary to know the original position of the point in space, and the knowledge
of its coordinates by the projection T, suffices. Hence the passage from T, to T, is
a function from the plane into the plane, and this is a distortion; and if we have
that (T4,2) is a possible solution for the image, then (T,,D,) will also be a solution
for some other D,. This D, is such that D,—D; is the opposite of the variation
undergone by the theoretic image when passing from T, to T,.

The set of possible (T, D) is therefore infinite, and a decision has to be made
to select one particular solution thereof.

Its consequence in designing the distortion model

The distortion function is usually expressed as a linear combination of some
primitive functions. This set of functions is called base, and together with the
selection criterion, whose need is derived from the previous discussion, defines
the model. However, the base might be so designed that there is only one possible
solution (T,D), i.e. that linear combinations from the functions of the base can
only express a restricted set of all possible distortions, in such a way that there is
always one and just one solution (T,D). In those cases there is no need for a
subsequent selection criterion, and the base alone defines the model.

Let B be a base; | shall denote by (B) the set of all linear combinations of
functions of the base. In the following sections a base B will be developed such
that the only possible solution (T,D) with De (B) is, amongst the infinite solution
pairs (T,D), the one in which D is smallest.

The measure which | adopted to quantify the size of a distortion function is
the quadratic mean, viz. [ D°ds, where F denotes the photograph, that is, the
domain of the integral is the photograph, and ds is the differential of surface. To
actually obtain the mean we should further divide by the total surface of the



photograph and extract the square root, but these can be omitted when comparing
distortions one to another.

DISTORTIONS CORRESPONDING TO EACH PARAMETER

Radial and tangential decomposition

Because of the radial symmetry of objectives the distortion is better
expressed in polar coordinates, and the values it takes are not of the form (Ax, Ay),
but rather (Ar, At), where r is the radial coordinate and t=r6, where @ is the
angular coordinate. Hence, (Ar, At) = D(r,0). Actually, Atis applied along the
perpendicular straight line to the radial direction, not along the arc.

The origin of the polar system is not the origin of the image (fiducial)
coordinate system, which may be anywhere, but the principal point. For this
reason (x, y) and (r,8) will henceforth denote the theoretic coordinates with respect
to the principal point, which do not depend upon the parameters X, y,. The real
coordinates are therefore

X2y =(xy) + D(X,y) + (Xp, Yp), @
where the distortion is computed in polar coordinates as just explained.

Distortions corresponding to fand k

In this and the next sections the distortions equivalent to the variation of each
orientation parameter will be derived, with exception of (Xo,Yo,Zo) that are not
equivalent to any distortion and must remain fixed. The easiest parameters to
handle are the three ones defining the image coordinate system: a change in the
parameters X,, y, will cause an equal change of the distortion in all points. It
becomes less simple when expressed in polar coordinates, but in any case these
parameters are not varied alone, and a change in them is always taken jointly with
a change in the principal point itself, as will be explained in the next section.

A variation in x will add an equal rotation to the distortion function, centred
at the principal point (according to the definition of x, x, and y,), and so it is
At = Akr. Thus, if the x parameter of a photograph is increased by an amount Ax,
the tangential distortion has to be modified by —Axr so that the composition DT
remains the same.

The variation of the projection distance f is easy to study as well. It will scale
the image from the principal point as centre, namely Ar = (Af/f)r. The f in the
denominator is the original one, previous to the modification. Thus, the radial
distortion will have to be modified by —(Af/f)r, and vice versa.

Distortions corresponding to Q and D; qualitative analysis

Fig. 2 shows two projections where the only parameters that vary from one to
the other are Q and @. These parameters define the orientation of the projection
plane, and hence that of the principal ray, the one corresponding to the principal
point. Let us suppose that x, =15um and y, = 0um, as shown in Fig. 2 inm
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(15 microns is very little and it is not visible). The principal ray is a definite line of
the object space, that may intersect the object at, for instance, a building's corner.
This definite point will have a real image, whose actual image coordinates need
not be (x,, yp), in which case the distortion at the principal point will not be zero.
The upper right of Fig. 3 represents the real image, and the upper left the theoretic
image according to T,.

Fig. 2. Images differing in Q and @ (left)
Fig. 3. Areal image and three possible theoretic images for it (right)

real

Ts

If we now change the © and @ parameters, the principal ray will change
accordingly, and it may now come, for instance, from a point in a bush, which
becomes the new principal point. We are supposing that no other parameter
changes, and in particular x, and y, do not, so the principal point stays at fifteen
microns form the theoretic centre of the image coordinate system, and the
theoretic image is that shown in the lower left of Fig. 3. The bush is far away from
the origin in the real image, so the distortion at the principal point is a huge one.

If we want the distortion at the principal point to be zero, the parameters Xy, Y,
need to be changed so as to make them equal to the real image coordinates of the
new principal point. The new projection (Fig. 3, lower right) is different from Ty,
but not as much as T».

It is illuminating to imagine the theoretic image axes sliding through the
plane as the parameters x,, Y, and x are varied. And not only the axes, but the
photo frame bounded to the axes as well. And when a set of values for x,, Yy,
and « is fixed, the axes stop, and a definite window is selected form the infinite
plane z, and this becomes the theoretic image. If different values were taken for
those parameters, a different window would be drawn, and a different theoretic
image would arise. The theoretic position of the principal point image with respect
to the image coordinate centre, the pair (xp, yp), may or may not coincide with the
real one.

This concept is largely misunderstood. The misconception stems from the
identification of the (x,,y,) parameters with the principal point. These are not the
principal point. The Q and ® parameters are the principal point. The parameters
Xp and y, are better understood as the position of the coordinate system centre with



respect to the principal point, and not the other way round; and they are just the
theoretic position, prior to distortion.

Therefore in formula (1) the values X, y, are the theoretic coordinates, which
will only coincide with the real ones if the distortion at the principal point is zero.
The same applies when going back from the real coordinates (X, y’) to the theoretic
(%, ¥), which is just the inversion of formula (1).

To help comprehending this concept, a real image may be imagined perfect
in all of it save at a small area around the principal point, as if a small bulb had
been approached to the principal point, heating the film (these days the pixel
matrix) up to deformation. The distortion at the principal point will not be zero
and its image coordinates will not be (x,, yy). If on the contrary we insisted that the
image coordinates of the principal point be (xp,Y,), or which is the same that the
distortion at that point be zero, the former distortion at that point will thereby be
transferred to all the photograph.

It is however very inconvenient to have a non-zero distortion at the principal
point, for even if when understood the concept may appear clear, it is not common
to the photogrammetrist, as far as | know, to understand it in such a transparent
manner, let alone to a majority of operators with little photogrammetric
knowledge. For analogical cameras this is a mild restriction, because the nature of
lenses makes the central part of the image the most perfect of it; but in digital
cameras the camera distortion is the combination of both the objective and the
pixel matrix distortions. The matrix is not a perfect grid, and irregularities may be
present in any or the other area of it without any particular preference, and the
imposition that the distortion be zero at the principal point is not a valid one from
the theoretical point of view. However, for the above mentioned reason and lest
confusion reigns, we had better restrict ourselves to distortion functions that are
zero at the origin.

So when the base B shall be created, the only solution (T,D) with De(B)
will not exactly be the one for which D is smallest amongst all possible solutions,

but the one in which it is smallest among those solutions where ©(0,0) = (0,0).

In order that the distortion at the principal point is ever zero, when the Q
and ¢ parameters are varied it is also necessary to vary x, and y, accordingly and
vice versa. It is well known and not difficult to show that for any two central
projections with a common projection centre there is a point from where image
angles are equal, and so the transformation from one image to the other is a radial
displacement of the points with respect to the isocentre, which is how that singular
point is known. The isocentre's projective ray is the bisector of the two principal
rays; therefore, the isocentre lies between the two principal points.

The variations in Q and @ which we would be dealing with will be very
small, the subsequent displacement of the principal point being just a few pixels.
Therefore the displacement of an image point towards the isocentre will not be
distinguishable form a displacement towards one of the principal points. The
displacement is

Ar = ar’cosd + br?sin, 2)

for two constants a and b depending upon the rotation that transforms one
projection into the other. In the vicinity of the isocentre, where the difference
between a displacement toward the isocentre and a displacement toward one of the
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principal points could be significant, the displacement function has a second order
zero, so it is not the source of any problem. Hence: A displacement of the
principal point does not induce any tangential distortion.

I have presented the previous result as a consequence of a combined change
in the xp, Yo, £ and @ parameters, but this is not exactly true. Formula (2) is the
resulting distortion for the rotation that carries one projection plane onto the other.
Since the orientation of the plane is defined by the Q and @ parameters, these
parameters will do vary indeed. But, as we have already mentioned, the origin of
the xangles has an indirect definition, and a change in the projection plane
orientation may affect it as well. This is not significant to our previous reasoning.
The relevant fact is that a change in the x, and y, parameters can be combined with
a change in the Q, @ and, possibly, x parameters, so as to generate a distortion like
that in (2); and similarly can £ and @ be combined with X, y, and, possibly, .
Moreover, the variation in the x parameter is not necessary in order for the

condition 2(0,0) = (0,0) to hold. If it were not included, an extra « rotation would
appear in equation (2).

Distortions corresponding to Q and ®; Formulae

We want to relate the change in the principal point: (AXp, Ay,) = (&, &); the
parameters a and b of the distortion of formula (2), and the variation of the
parameters 2, @ and x. Their variation is not independent, and if the parameters of
any of the three groups are varied the others have to be changed accordingly so
that i) the composition D-T remains the same and ii) the condition ©(0,0) = (0,0)
continues to hold.

The relation of more interest now is that between (&, ¢y) and (a, b). By known
geometric constructions it is found that if the principal ray is changed so that the
position of the principal point varies an amount (e, ¢,), the theoretic image will
change by an amount

Ar =—(,/T)r? cos 0~ (z,/f r?sin .

Since the real image remains the same, the parameters a and b have to be
varied by an amount
Aa=glf?,  Ab=glf? (3)

and conversely, if the parameters a and b are increased by (Aa, Ab) the principal
point has to be moved by (Aaf? Abf?).

The variation of the parameters Q, @, « is not needed for the analysis of the
distortion and will be given for completeness. It can be found as follows. Let
o1 = &lT, a; = —g, /T, and let Mflz be a rotation of angle «, centred at the projection
centre O and around the direction of the object X axis, and M), an analogous
rotation around the direction of the object Y axis. Whether the numerical values of
the angles are a; and a, or —a; and —a, depends upon the choice of signs for the
rotations. The matrices obviously remain the same, and have to be taken so that
the displacement of the principal point due to the rotations is (e €,). The new
rotation matrix M’ transforming from the object coordinate system to the image
system as a function of the former matrix M is



M’'=M) M, M

in the first order of approximation. The exact formula is somewhat more involved
but given that the displacements (g, &,) are small it is not necessary. The new
values for the parameters Q, @, x will be derived from M'. Their relation to the
original ones and the angles a; and a, depends on the expression relating the three
parameters with the rotation matrix. If they are the usual primary, secondary and
tertiary rotations the changes they undergo are

AQ=w'sec, ADP=o, Ax=oa'tan,

where
01'=01 COSK — 0 SiNk
o' =01 Sinx + ap COS K

GENERAL DESIGNING OF THE BASE

Removal of orientation-equivalent components

If we collect up the main results from the previous section we have

f— Ar =ar,
K — At = ar, 4
Q,®,x, X, Y, — Ar = ar’cosd +br’sin g,

where the different a's are naturally not the same.
Expressions (4) mean that for any two possible decompositions (T4,2;) and

(T4, Dy) with D(0,0) = (0,0) the difference D,—D; will be expressible as a combin-
ation of those four components, i.e.

(D,— D), = ar +br’cos 0 + cr?sin 6,
(Do—Dy)y =dr.

Let B be a base,

B= {BI‘U{Bt = {grllgl‘27 LR 7gt11 gtz, . }

The expression of any distortion function 2 by means of the base B will be of the
form

Dr = algrl + azgrz+- e

D= 010u+boget. ..

Let D, and D, be as above and write D= Yau0s + Y.bugs and D,
accordingly. If we let g =r, g, =r’cosf, g.. = r’sin6, and g, =r, then a;, = a;,
and b;;, = b;, will be satisfied for all coefficients with exception of a;, a,, az and by;
that is, if the projection T is varied within its possible values, the D from (T,D)
will vary in such a way that if we let De(B) all its coefficients will remain
constant with exception of a;, a,, az and b;.



If T is varied within the space of possible solutions there will be a particular
point at which a;, a,, az and b, vanish. Let B = {r, r?cosé, rsin 6%}, B ={r} and
Br = B U B, and let B = B; U B*;that is, we write B as the union of orientation-
equivalent components and other components. Now let B be designed so that every
component of B* is orthogonal in the photograph space to those of Br. Then,
according to the properties of orthogonal functions, the previous particular point
will have the least D of all possible distortions that can be assigned to the image,

where the size is measured by the mean quadratic value, as explained at the end of
the section “The mathematical setting”.

The restricted base B* is the one to be used in calibration processes, provid-
ing simultaneously uniqueness and best possible solution.

Choice of the orthogonal bases

Even if orthogonality is only required among B and B*, it is still interesting
that all functions be orthogonal among each other, due to many advantages of
orthogonal bases that will be discussed later. Any radial distortion will be ortho-
gonal to any tangential one, so orthogonality has only to be achieved within the
radial and tangential components.

Distortion components can be classified as symmetric and asymmetric ones.
Symmetric ones are those that do not depend on 6. Given that an r component is

present in both B,r and By, a polynomial base seems the natural solution for the
symmetric distortions. Orthogonal polynomials may be derived recursively; in
order to find the coefficients of the k-th polynomial a linear system with k—1
unknowns has to be solved, but the systems themselves may be solved recursively.

The obtained coefficients will be different for different rp., i.e., the
maximum possible value of r. For this and other reasons it is much convenient to
normalise the values of r as r/r., that is, formulae should be entered with the
value s = r/ry,x rather than with r itself. Therefore we have s € [0,1].

The symmetric radial distortion has been traditionally expressed as an odd
polynomial. This guarantees infinite derivability at the origin. However, | see no
reason why it should be imposed that the distortion function be infinitely derivable
at the origin. I find “smoothness” enough, and smoothness means continuity of the
first derivative. | recall that there are cases when even a linear interpolation is
performed between given points. So let smoothness be the condition to be satisfied

by the functions of the base, in addition to ©(0,0) = (0,0).

But odd polynomials have also some advantages. The model being developed
will, in both cases, be capable of expressing any distortion that may exist; in
particular, any distortion expressed by some other model shall be also expressible
by this model by finding the values for the coefficients that yield the same total
distortion than the one we are given. If the latter makes use of odd polynomials,
let us suppose to fix our ideas that it includes r, r® and r> components. In order to
express that distortion by a linear combination of the components of a base built
up of complete polynomials five components will be necessary, while if the base
is composed of odd polynomials three components will suffice. Odd polynomials
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are also endowed with the mathematical perfection that is so pleasant to see in
whatever model.

For all the above it was finally decided to derive two bases: the complete
model (CM) and the odd model (OM). The constant term will be zero for all the
polynomials. The degree of the k-th polynomial will be equal to k in the CM and
to 2k—1 in the OM. The slower growth of the degree in the CM has numerical
advantages, but these days they are negligible. On the other hand it turned out that
the coefficients of the OM increase slower.

The asymmetric components

With regard to the non symmetric components, orthogonality will exist
among any two components g,, g, if, for instance, for any radius r the condition

Ié”glgz dé = 0 is satisfied. This is not exact for a rectangular shaped domain, for in
that case ¢ cannot take any value for high values of r. We shall come to this later
but for the moment we will take that condition as being true.

It is well known that in the interval [0,2n] both [cosmécosnfdd and
[sinm@sinnOdo are zero whenever m and n are different, and [cosmésinn6dd = 0
always. | will not repeat here the theory about orthogonal functions, and I will
simply state that the simplest solution for the asymmetric part of the base is

{p«cosch, pysin cH},

where py are the polynomials from the symmetric base. In order to simplify
the notation, | shall let S; represent both coscé and sin ¢, and if h is any function,
by hS, I shall denote the pair {hcos ¢, hsinc6}.

This base does not conform to our requirement that its components be
smooth. An analysis of these functions reveals that there cannot exist an
r component if ¢ is odd. For the tangential components this is made apparent by
straight lines passing through the origin. These components would generate an
angle at the origin. The py polynomials have to be replaced by some other
polynomials g that do not include a first degree term; that is to say, a base has to
be built starting from r®. This does not break orthogonality between even ¢ and
odd ¢ components, for if ¢ andd are two such values, and let hy, h, be two
functions of r, for any fixed r we have

2 2
[o hi(r)Schy(r)Sgdé = hy()hy(r) [y ScSqdb,

and so h; and h, may be any functions.

We have g, = r?, which implies that the base includes the components r*cos 6
and r’siné that are needed for 8. In the CM the q polynomials will include all
the monomials starting from r, in the OM they will be even polynomials (when
combined with the odd S, term it results in an odd component).

The mean value of any asymmetric component for any fixed r is zero; it need
be, for otherwise then the component would not be orthogonal to some py (and
possibly to all). Let D e(B), this property implies that the value of the symmetric
part of D is at every r equal to the mean value of the distortion for that value of r
all around the photograph, which makes sense.
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THE FORMULAE

Derivation of the polynomial base

A base was first derived in the supposition that the domain of (s,8) pairs be
the rectangle [0,1]x[0,2z]. The coefficienta; of the k-th polynomial can be
expressed for both the complete and odd models by a closed form involving
factorials depending on k and i.

But these polynomials satisfy orthogonality for a faked domain which does
not correspond to the shape of a photograph. In a real photograph there is “more”
or “less” photograph for different values of s. This is represented by a weight
function. If the photograph is a rectangle with its sides in a ratio b/c, such that
b <c, and the values of b and ¢ are so normalised that b?+c?=1, the weight
function is that of Fig. 4 and its expression

s 0<s<c

]

[ql:j.

w(s) =145 asinc/s, c<s<h

s(asinc/s —acosc/s), b<s<l

Fig. 4. Weight function for a rectangular photograph

%
0 b c 1
The condition that must be satisfied by two polynomials h;, h, from the base is
Jowhihads = 0.

Several solutions may be adopted. One of them consists in dividing each py
and gy by \w. This however is not possible because the functions from 3 cannot
be modified. Since the most important condition regarding orthogonality is that
the functions from B* be orthogonal to those from B;, we may divide each one
from B* by w, at the price of losing orthogonality within it. Apart from the loss of
orthogonality, this approach has the disadvantage of implying g(1,6) =0 for
every g in B*. The drawbacks of this restriction will be discussed when analysing
trigonometrical bases.

The above solutions being discarded, the one which remains and which is
usually the best approach with respect to a weight function, is to derive the
polynomials anew taking into account the weight function. In order to do so it is
necessary to evaluate the integrals of the powers of s times the weight function.
The details will be omitted here. The author will be pleased to provide them to
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whomever asks for them. Let b and ¢ denote the sides of the rectangle, so normal-
ised that V(b®+c?) = 1. For n = 0, i.e. the 0'th power of s, the result is

fwdr=[ds=S=hc.
For even n the first values of | wrdr / bc are

[/bc

113
1/5 — 4/5(bc)?
1/7 — 8/35(hc)*

o BN S

The expressions for odd n have an extra term which is not rational in b and c.

The values of these integrals an hence the coefficients of the polynomials
arising thereof depend upon the ratio b/c. The author derived the polynomials for
ratios ranging from 1/1 to 9/5. Since the polynomials vary little | decided to take a
particular ratio for the definition of the polynomials. For the CM | chose the
ratio 8/7 for the py series and 3/2 for the gy ones, for these are the simple ratios that
yield the values of the coefficients of the second polynomials 3, -2 and 4, -3
respectively, up to two decimal places (and in the first case up to three indeed).
For the OM the chosen ratio was ¥3/1 for both series, because for this value the
second polynomials are exactly p, = 2s*~s and q, = 2-55*—1.5s°,

Here the polynomials are shown for both models. To the right of each of
them its quadratic mean over the photograph is displayed. This mean varies with
the image shape too, but it varies very little. The displayed values correspond to a
ratio of 4/3 for the CM and v/3/1 for the OM.

px polynomial series for the CM.

name polynomial 11 pxll
p1 S 0-58
P2 3s? - 2s 0-28
P3 9s® — 11-4s% + 3-4s 0-17
Ps 29.2s" ~53.1s> + 30-1s* — 525 0-13
Ps 95-85° — 225.4s* + 187-1s° — 63-95° + 7-4s 0-096
Pe 320-3s° — 922.15° + 1004-9s* — 511-4s® + 119-25* — 9-9s 0-077

gk polynomial series for the CM.

name polynomial |l akll
o s 0-40
02 453 - 3¢? 0-22
03 14.5s" — 20-3s® + 6-8s° 0-14
Qs 53.55° — 107-8s* + 69-55° — 14.2¢ 0-10
s 197-5s° — 511-4s° + 476-9s" — 188-25° + 2625 0-082
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px polynomial series for the OM.

name polynomial 11kl
P1 S 0-58
P2 25 —s 0-26
Ps 4.8s° —4.75° + 0-9s 0-14
Pa 12-8s" — 19-1s° + 8-2s° — 0-9s 0-093
Ps 38-4s” — 76-25" + 50-55° — 12-65° + 0-9s 0-069
Pe 119.5s™ — 296.7s° + 268s” — 106-55° + 17-65° — 0-9s 0-055
gk polynomial series for the OM.
name polynomial 1okl
0 s 0-41
02 2.5s* —1.5¢% 0-20
0s 6-4s° —7-25* + 1-852 0-11
Qa 19-15% — 31-65° + 15.7s* — 2.2¢° 0-080
0s 60-4s' — 131s® + 97-8s° — 28.95* + 2.75? 0-061

Figures 5-8 displays the first polynomials for both models.
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Fig. 5.

p series for the CM

0
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Fig. 7.

p« series for the OM
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Fig. 6. g series for the CM
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Fig. 8. g series for the OM



The distortion function

It is as follows:

Symmetric components:
Dr=agpptagpztaspst. ..
Dy = by, + b3ps + byps + . ..

Asymmetric components:

Dy = €30,C0S 6 + C40,SiN O + C5P; C0S26 + CsP1SIN26 + C703C0S 6 + CgQ3SiNH +
CoP2C0S 26 + C1gP,SiN26 + €110, COS 36 + €150 SIN3O + . . .

D, = d1g; €058 + doq; Sin G + d30, C0S O + ds0,Sin 6 + dsp; €0S26 + dgpySin 20
+...

Thus, except for the components ar?cosd and r?siné of 7 the development
is the same for the radial and tangential distortions. Those components in the
radial distortion as well as a;p; for the symmetric part of both may appear when a
given distortion expressed by some other model is expressed by this model.

Alternative asymmetric decomposition

For each pair k, ¢ each set of four parameters p,Se, if c is even, or q,S; if c is
odd, may be replaced by four other parameters which, when taken together, are
equivalent to the previous four. Let these components be written as

PkU—, PkV—c, PkU-c , PkVac,

or g if c is odd.

The components u_ ... v, are vectors of constant modulus equal to 1. The
vector u_. forms at a point with coordinates (r,8) an angle with the radial direction
equal to —c#, and the vector u,. and angle equal to c. The vectors v_, v, form
the same angles with respect to the tangential direction, and so they are
perpendicular to u_. and u.. respectively. Therefore at a point on the positive side
of the x axis the u vectors follow the axis direction while the v vectors are parallel
to the y axis and directed toward the positive side. As we move along a circle
centred at the origin the vectors rotate clockwise/counterclockwise (—C/+C),
performing a total of c revolutions with respect to the radius when the circle is
complete. 1 will hence call this the model of the rotating vector. With respect to a
fixed direction in the x,y plane these vectors perform 1—c and 1+ c rotations as
they turn around the origin.

It should be noted that if oy, Sk are the coefficients corresponding to peu_.
and pyv—c the composition ayc pxU— + Pec PkV—c IS @ single vector with constant
modulus that performs the c revolutions as it turns around the origin, the modulus
of which as well as its direction and sense for § = 0 are determined by oy and S,
and the same is true for the +c components. The coefficients corresponding to the
+c components | will call y and 6.
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The radial and tangential distortions generated by these components are,
apart from the multiplier py or g, and omitting the subindices,

D, = a.c0S (-¢0) — Bsin(-ch) + ycosch — dsinco,
D, = asin(-c) + pcos(-ch) + ysinch + dcosco;

and the components x and v,

D, = acos(1-c)d — fsin(1-¢)8 + ycos(1+c)d — dsin(1+c)b,
Dy, = asin(1—c)d + fcos (1—¢)d + ysin(1+c)d + dcos (1+c)6b.

If a set of four components of the radial/tangential model is

D, = apxcosc’d + bpgsinc'é,
Dy = cpycosc'd + dpysinc',

(I have written ¢’ to distinguish it from the ¢ coefficient) the relation between
the two sets of four parameters is

a=a+y b=p-0 a=@-d)f2  p=(0+c)2
C=f+0 d=—(a—y) y=@+d)2  d=—(b—c)2

If the model of the rotating vector is used an exception has to be observed at
the (k,c) = (1,1) components, for we have seen that the components r’S, of the
radial distortion need to be present in the base so that they can be omitted from the
distortion function. This is equivalent to imposing a=-y, =0 for those
components, Viz. ag1 = —y11, f11 = 011

It is easily seen that a5, andpf;, are the parameters of an affinity
deformation: a difference in the x and y scales and a missorthogonality of the axes
(i.e. the pixel grid). Thus, the use of the rotating vector may be of interest for the
(1,2) components if we want to include just the affinity distortion or one of its two
components.

Orthogonality of the asymmetric components

There remains a problem with respect to the asymmetric components. On a
square photograph, in the interval 1/72 <s<1 the integral to be considered is not

Ién butIL(s), where L(s) is the union of four equal intervals centred at #/4, 37/4,
5z/4 and 7z/4, whose length diminishes as s grows. Several solutions were
considered, but none of them resulted in simple expressions.

On the other hand, the integral of the product of any two functions in the
circle 0<s<1/\2 will always be zero, and that represents roughly ¥ of the
photograph. As of the area 1/N2<s<1, due to the many symmetries of
trigonometrical functions: (i) orthogonality is retained with respect to the sym-
metric components, (ii) orthogonality is retained between cos and sin components
and (iii) orthogonality is retained between any two S; and Sy if ¢ and d are of
different parity. This properties imply that the first loss of orthogonality does not
appear till 36, and the first loss between a component of B; and one of B* does not
till 40, where |, for instance, have never got to.
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All of the above properties are still satisfied within a rectangular photograph,
the only difference being that the circle where the circumferences are complete
represents a lower proportion of the total image area.

Hence, for the sake of simplicity and for practical reasons, | judged we had
better not perform any modification in this respect, and hereupon my development
of the base finishes.

The graphs of the first asymmetric components

Fig. 9-12. c1,c2; d1,d2 components.

The components c1, c2 will normally not exist since they vanish if the
principal point is calibrated.

Figs. 13-16. c3,c4; d3,d4 components.

Figs. 17-20.  ¢5,c6; d5,d6 components.

About the coefficients

In this section, two decisions that were made in the design of the base will be
discussed.

The first one deals with the number of figures of the coefficients. In order for
the model to be usable the polynomials have to be unambiguously defined. This is
why its coefficients were rounded to the first decimal place. But care should be
taken when rounding polynomial coefficients. One could be tempted to suppose
that the precision of any coefficient is to be regarded with respect to itself, that is,
to pay attention to the number of supplied figures rather than to the position of the
last one. But this is wrong. The coefficients of individual monomials within a
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polynomial may be very high and yet the polynomial take small values. Rounding
errors must always be considered in absolute value, no matter how high the
coefficient be, lest significant differences between the modified polynomial and
the original one arise. Rounding to an integer or to half an integer is not
acceptable. It is also absolutely necessary that the sum of the coefficients not be
varied, viz. that it be kept equal to 1.

The other decision to be commented here is the one of designing the
polynomials so as to make max|py| = pk(1) =1, and the same is true for gy. The
alternative to be considered is that of multiplying the polynomials by a constant so
that (Jeg)/bc, i.e., the mean quadratic value, equals 1 for every geB. If that
condition is satisfied the functions are said to be normalised. Both possibilities
have advantages and disadvantages, and what finally made me decide about the
former was the fact that its coefficients are simpler.

ANALYSIS OF OTHER MODELS

Trigonometrical base for s

The trigonometrical base is possibly the easiest one to handle. There are two
versions:
{1, sin 2z ns, cos 2z ns}
{sinzns}

The first one has terms that are different from zero at s =0. If the infinite
components could be taken this would not be a problem, but that is impossible.
Those terms cannot be simply eliminated, since the resulting base would be
restricted to very particular functions.

The second one has not this problem but it has the one that every
componentg has g(1) =0. The infinite sum ) a,gx would be equal to the
symmetric part of D,, which 1 shall call D, in [0,1) and equal to zero at s=1
(r = rmax), and similarly for D,. Any finite sum will approximate very bad the last
part of Dy, for it will always be a continuous function f satisfying f(1) = 0. Impos-
ing Dy(1) = 0 is not acceptable. Consider for instance the very common case where

Dy is always concave or always convex.

Before pointing a possible solution to this problem I will first state another
one. This base is complete, so it can in particular be used to approximate s in [0,1).
Hence, the more terms we take the more correlated the distortion function will be
to the focal length. The most correlated of all terms is the first one. Now, the
solution to the previous problem is to add the functions to the base, which
worsens this problem.

A possible solution to both problems consists in modifying each sin z ns by
adding a suitable multiple of s so that the resulting function be orthogonal to s.
The first components thus created are

sinms—1-28s, sin 2zs + 0-66s,
sinazs —0-55s,  sinams—0-12s. (5)
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Some of the properties of the trigonometrical base are lost, in particular
orthogonality among its components, but this property had never hold due to the
shape of the photograph. For it to hold it would be necessary that, in addition to
the s term, sinmzs terms be added for all m < n. The formulae from (5) is not a
bad solution at all, but it is not clear that it be simpler than the polynomial base.

The displayed components are the analogous of py, starting at k = 2; the ones
replacing the gy need also be obtained. On the one hand, they need to be
orthogonal to s%; on the other, they need to have zero derivative at the origin.
These conditions can be satisfied if they are defined as s(sin nzs + ¢,s), and again
the simplicity of the original trigonometrical base is lost, as well as orthogonality
among its components.

These problems with the trigonometrical base show that the requirement that
the components py and g be orthogonal to s and s* respectively leads naturally to a
polynomial base for both of them.

Odd polynomial for the symmetric radial distortion

The traditional model for the symmetric radial distortion is an odd
polynomial whose coefficients are the parameters of the model. | have already
pronounced myself about the restriction to odd terms (cf. section Choice of the
orthogonal bases). It could be also argued against this restriction that parabolic
like distortions will not be properly represented by this model. However, strange
as it may be, odd polynomials can produce arbitrarily sharp approximations to an
even polynomial within an interval; but surely a quadratic term would be better.

An important disadvantage arises if r is expressed in its original units, as is
usually the case. This causes the powers of r to raise to very high values near the
corners of the photograph or even at a mean distance, thereby the coefficients
being very small (e.g. 10, providing a faked appearance of being negligible.
This is not actually a deficiency of the model itself, but of the way it is usually
applied.

The most severe problem of this model is the extreme correlation among its
components. A very small change in the distortion function may therefore cause a
big change in the parameters. Another consequence is that the removal of the
highest degree term requires all the other coefficients to be computed again.
Another one is that the presence or absence of r term does not mean a presence or
absence of linear tendency (and this in turn implies that the optimum solution,
though not difficult to obtain, requires some more calculations). Yet another one is
the fact that, even if we use the variable s =r/r,,, the absolute value of the
coefficients is by no means representative of the magnitude of the photograph
distortions. For example, let D, = —24s + 975> —80s°, the maximum value of D is
not near 100 as it may seem, but equals 8; and that of 50s®—130s°+80s’ is 3.
Finally, the high correlation may cause computation problems.

All these problems disappear with the designed base. Individual terms may
be eliminated without the need to recompute the other ones, and the coefficients
together with the given values of || pg|| do represent the magnitude of the distor-
tion. The first of the previous examples equals Dy = 0-3p; +9-3p, — 16-7p3 (OM),
whereby we find D] = ((0-3lpwl)* +(9-3[Ip:l)* +(16-7]Ips)*))** =5-1 and
max | Dys|=3-4.
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Decentring distortion

It is a biparametric model:

Dy = Py(r? +2x%) + 2P,xy,
D, = 2P1xy + Py(r? + 2x%).

I looked for a justification of these components in some photogrammetry
manuals, but | found none. It seems that manuals copy each other and all rely on
an article of D. Brown.

The radial and tangential decomposition of this distortion is

D, = 3P4r?cos O + 3P,r?sin 6,
D, = —Pyr?sin 0+ P,r’cos 6.

The radial components are the ones equivalent to an inclination of the
plane z, that should not exist. Whenever an image is presented as having a
decentring distortion, this may be split into radial and tangential components as
shown, the radial part be simply dropped and the principal point be changed
according to (3); and if the other asymmetric radial components of the model, if
any, are orthogonal to the dropped ones, or if there are no more as is usually the
case, and whatever the symmetric radial model be, the mean quadratic value of the
image distortion will decrease, always.

The fact that a certain physical phenomenon causes a certain change in the
image coordinates does not mean that such change has to be understood as a
distortion. If for example a perfect camera be supposed with projection Ty; if
certain rotation is applied to it a new perfect projection T, will result, that is not to
be interpreted as projection T, plus a distortion, but as the perfect projection T,. In
the like manner, would we take a pair (T1,2,) as the solution if there exists another
one (T,,D,) with smaller distortions, being the difference in distortions precisely
the difference between T, and T,? Certainly not. What should be done is to take as
the reference projection T that which better fits the image.

The subject is often better understood if the camera physical reality is
abstracted, as | have done throughout this work. If the coordinate variation due to
some actual cause is derived, it should be studied whether the variation can be
expressed as the composition of a change in the projection and an actual
distortion. It is only necessary to write the coordinate variation as radial and

tangential components and see if any of them belongs to 3.2

Affinity
A small affinity may be written as the union of radial and tangential
distortions as
Dy = o rcos 20 + frsin 20,
D, =—arsin26 + frcos 26.

a
It may not be as easy as that, for terms may appear that are not equal to any from 3r and yet they are not

orthogonal to them. However, it comes to pass that real terms can always be easily decomposed in a part included
in (8r) and a part orthogonal to it.
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It hence represents half of the p;S, distortions. Its orthogonal complement
within these distortions is

D, =yrcos26 +drsin 20,
Dy =yrsin20 — o rcos 26.

If we want the parameters « and S to explicitly appear in the model, the four
p:S, parameters should be replaced by {a, £, y, 6}, which are those of the rotating
vector model, as explained above.

Direct linear transformation (DLT)

The eleven parameters of a DLT are a mere recombination of the nine
orientation ones and the two affinity ones, with the important drawback that if
several images are taken, a different set of parameters will be computed for each
one, including those that will not vary, namely: f, x;, y,, a and g.

It is not rare to read about the DLT that “it is suitable for any camera” and
that “it is not necessary to know the focal length”. These sentences are nonsense.
Furthermore, the DLT is specially unsuited for large distortion cameras, for it only
includes an affinity correction. With respect to the second one, | have already
pointed that the eleven DLT parameters are exactly a central projection plus an
affinity distortion, which certainly includes a focal length.

TESTING AND CONCLUSIONS

General

Since the development of the base in 2005 it has been applied to many
different cameras, ranging from an amateur 3 Mpx camera to the self-calibration
of aerial metric cameras. And the number of points measured for the calibration
also varied greatly with a maximum of 16000 for the calibration of a single
photograph and 4500 photographs for self-calibration. The computations were
performed with a program written by the author on the occasion of the
development of the model. The author also incorporated self-calibration to his
aerotriangulation program, Aerotri, in the late 2009, thereby allowing the
possibility of applying the model to self-calibration. Some of the drawn
conclusions relate to the process of calibrating a camera rather than to the
application of this model and will be passed over without mention.

Some points had been foreseen and the tests served to confirm them:

1. The model proved suitable for all the cameras to which it was
applied. If few parameters can be determined, either because of few
measured points or a low stability, few parameters from the model will be
included; if there are many observations and the camera is stable more
parameters can be determined. In particular, low-cost cameras with a
fixed focal length have distortions which are stable enough to be
modelled well below the pixel size.
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2. If there is few data the computed distortion components fit the actual
errors of the observations rather than the distortions. This will happen
with any model, but is of importance in comparing this model versus the
grid one, as will be seen shortly.

Some others had not been foreseen:

3. Even with thousands of measured points the distortions are remark-
ably well modelled with a few parameters. The next example will provide
a remarkable exhibition of this.

4. Radial components are clearly greater than the tangential ones even
for high degree components, when in principle the irregularities of the
pixel grid were expected to nullify the radial preponderance. Therefore
the main cause of distortion even well below the pixel size is still due to
the lenses and the radial/tangential model is preferred over that of the
rotating vector, for it will need less components in order to model the
camera's distortion with equal accuracy. An affinity component due to the
difference in the x and y scales is some times an exception to this.

5. The complete model was expected to behave better than the odd
model. This is usually the case, for the most common situation is that
both models yield the same quadratic mean of the residuals but the
distortion according to the complete model is smaller, that is, the
complete model fits better the camera distortions. There are cases
however when the odd model fits better, and the difference may be
substantial. This happens when the symmetric radial distortion (the
greater by far, with the possible exception of the affinity component
mentioned above), instead of having a parabolic-like shape increases
abruptly at the edge and corners of the photograph. In this case the zero
of the distortion function, and in general the detail in the function is better
placer at a more extreme position, and the odd model is more suitable for
this as can be seen at the graphs of their components.

So instead of leaving just one model, both models were kept and for
each camera the calibration is carried out with both of them and the
solution which seems better is retained. It often happens that the
difference is not significant.

A test with sixteen thousand points

The description of tests with few observations —up to a few hundred for
calibrations of a single image in laboratory or a few thousand with self-
calibration— would add little to the conclusions listed above. Regarding
calibrations with a great amount of data, I think it is more interesting to give a
detailed description of the most careful calibration carried out than to give a
summarised account of the different cameras and settings to which this model was
applied.

The camera is a Canon of 4752 x 3168 megapixels. It was calibrated for its
use in creating a 3D model of the Discobolus when this statue was in Spain in the
year 2009. The professors at the School of Topography of the Polytechnic
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University of Madrid set up a calibration room by placing ten plotted sheets on a
wall with 2106 marks on each making a total of 21060. Of these, 16100 fell
within the photograph limits. In addition to this, some rows of small balls set on
wires were placed in front of the wall for the correct determination of the focal
length and the principal point. These have been omitted from the graphs of the
residuals that follow in order not to disturb the appreciation of regular patterns that
arise. The marks were correlated by a Matlab program written by the professors at
the school. Incomplete rows or columns could not be correlated and were
measured by hand. That break is clearly visible on the graphs of the residuals
when the distortions are eliminated.

Below the residuals of the marks after different adjustments are shown. The
first one is the result of computing the camera orientation without the inclusion of
any distortion parameter. Actually, the camera exhibited a great difference in the x
and y scales. | corrected this affinity component as part of the transformation from
raw pixel coordinates to coordinates centred at the principal point so that the radial
distortion could be appreciated on the graphs of the residuals, that would
otherwise be outweighed by the affinity component. This first graph shows clearly
the prevailing symmetric radial distortion. Note the position of the zero at a high
distance. This is one of the cases mentioned in conclusion 5 above. Therefore the
OM models this camera's distortions better than the CM, and the next graphs
correspond to the OM.

Fig. 21.  Residuals: no distortion corrected. Fig. 22.  Residuals: a2 corrected.

£
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Fig. 23.  Residuals: a; corrected. Fig. 24. Residuals: a4 corrected.
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The second image includes just the a, parameter, and the a; component with

its two zeros arises strikingly sharp. In this image the residuals are displayed
multiplied by a factor of 10. In the first image the factor is5, and in the
subsequent images the factor is 20, except for the last one where it is 30.
The third image has the component a; applied. Note that in spite of the increase in
the factor the residuals appear smaller. In this camera as in many others either the
first two components of the D, or more often the first component alone carry the
bulk of the distortion. In this image the three rings of zeros of the a;, component
can be seen, but asymmetries begin to show up. In the fourth image the five zeros
of the as component can still be seen.

The fifth image has the component as applied. The zeros of the next
symmetric radial component are no longer discernible. Following this the
D,s components b,—bs were applied. The resulting image is almost identical with
this one and is not shown.

Next, the asymmetric components cs—Cs and d;—dg where computed, and the
result is shown in the last but one image. Finally the components ¢;—cy, and d;—d1
were included. This last image features the residuals multiplied by 30 instead of
the factor 20 of previous images, for even these higher order component are
significant and the residual are reduced.

Fig. 25. Residuals: a5 corrected. Fig. 26.  Residuals: up to c6, d6 corrected.

Fig. 27. Residuals: up to c1,, di» corrected.
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The results of this calibration are typical, except for the fact that the CM
usually fits the distortion better than the OM. All the 16 tangential components are
below the pixel size, the greatest being the asymmetric d, and ds with values of
—0-77 and —0-68 and mean square value over the photograph of 0-22 and 0-28
respectively. | recall that the components are so designed that the value of each of
them equals the greatest value of the distortion due to that component, which is
reached at the corners of the photograph. The greatest distortions are the Drs, and
within this the components a2 and a3 account for 99% of the whole distortion.

The four components are above the pixel size (this is not always the case),
the least one being a, with a value of —6-86 and mean square of 1-23. The
asymmetric radial ones are some of them above, some below the pixel size, and all
below that limit in their mean square, the overall mean square being exactly one
pixel.

Finally the mean square of the residuals after the inclusion of the components
up to cg, dg is 0-34 px and after the inclusion of all the components is 0-24 px.
This same value is achieved if the whole D and the components d,—d;, are
omitted, and the graph of the residuals is almost the same as with all the
components included. Such a good fitting of the model to the camera distortion
with just 20 components was not expected, and this proved to be always the case.

The grid model

In view of the previous discussion, in case there is few data there seems to be
no room for the division of the image in a rectangular grid and the computation of
several parameters for each of them, making a total of 40 or more. As an example
of conclusion 2 above, a flight with three strips, 45 photographs in all, GPS
and INS data and a total of 561 measures over the photographs, when self-
calibrated including the D, and asymmetric components up to cg and dg, appears to
have very clear asymmetric components, like d, with a value of 25-4 (microns)
and a precision for this computed value of 1-1, and similarly for dy, d, and ¢y, all
of them with values above 10 microns. The pixel size was 12 microns. The
observation of this same pattern in other flights, the smaller the flight the greater
the distortions, and the fact that they never appear when calibrating a single image
with hundreds of observations or self-calibrating a block with thousands of
photographs, means that these are not actual distortions but the modelling of the
actual measuring errors by the components of distortion. The only reliable values
in these small flights are the ones of the symmetric components (if the flight is
very small, only ay).

A grid model will exaggerate this effect. It will have no consequences in the
computed values of the image orientations, but the fact that what would otherwise
appear as residuals is absorbed by the distortion parameters will result in an
artificially low value of the computed a posteriori standard deviation. If the image
has an actual a; (say) component, and this is not removed prior to the application
of the grid, statistical tests performed on the parameters will conclude that they are
significant, and that is the truth since they are describing an actual distortion, but
all the components will be describing the behaviour of the single a; component
within its rectangle in addition to local measuring errors.
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In case there are thousands of measured points the parameters of the grid
model will very likely be right, but the same distortion which this model describes
with, let us suppose, 50 parameters, can be described with fewer overall
parameters, very likely with just 20 as the previous test of 16 000 observations and
similar ones have shown. Note that in the previous test after the computation of
20 components the standard deviation of the residuals was already at 0-24 px.

The problem behind the grid model is not that the concept be wrong, but that
it cannot be applied to the geometric calibration of one-piece images. The
irregularities of the distortion are very small with respect to the pixel size to allow
a meaningful division of the same in several areas. We may look at other cases
when a function over a surface is described with increasing precision by the
progressive addition of components. When compressing an image by means of the
Fourier inversion, the image is divided in small squares, but still the irregularity of
the function, i.e. the image, within each square is usually much greater than that of
a camera's distortion function over the whole image. And when the Geoid is
described, local models are developed indeed, but scientist have computed
thousands of global parameters of the orthogonal basis and continue to do so.
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